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£Nj ' The generalized Verlinde formulae expressing traces of mapping classes corresponding to automor- 

phisms of certain Riemann surfaces, and the congruence relations on allowed modular representations 
• following from them are presented. The surfaces considered are families of algebraic curves given by 

suitably chosen equations, the modular curve X(U), and a factor curve of X(8). The examples of 
modular curves illustrate how the study of arithmetic properties of suitable modular representations 
C ' can be used to gain information on automorphic properties of Riemann surfaces. 
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Rational Conformal Field Theories (RCFT) appear in several areas of physics and mathematics. 
■ Their classification would imply important results in e.g. string theory, 2D critical phenomena and topol- 

ogy of 3D manifolds. A key part of the classification problem is the classification of allowed modular 
representations corresponding to a RCFT. This representation is generated by the matrices S and T that 
C*") , are determined by modular properties of genus 1 characters: 

O 



") = ^Z S pqXq{T) (1) 
1 

X p (r + 1) = ^T pq x q {T) 

Q 

Besides the modular relations S A = I, (ST) 3 = S 2 , which ensure that they generate the group SX(2,Z), 
they have to satisfy additional constraints coming from the extra structure of a RCFT lying behind them 



(see e.g. [21) ■ A well known example of these is the formula of Verlinde 

dunV (p,q,r)=J2 SpS i qsSrS (2) 

which expresses the dimension of the space of genus holomorphic blocks with insertions of primaries 
p,q,r in terms of modular matrix elements. Clearly, for all allowed modular representations the above 
combination of matrix elements has to give a positive integer. But Verlinde's theorem alone doesn't give a 
sufficient condition for a modular representation to come from a RCFT. For example, it was found in p] 
that it is possible to obtain independent constraints by generalizations of Verlinde's formula. The complete 
characterization of these formulae and their geometric origin was presented in [3] - in the following we shall 
review its main results. 

It follows from Verlinde's formula (|2J that the dimension of the space of genus g holomorphic blocks 
(denoted as V g ) might be expressed as [5] 



dimV s =]TS 2 - 29 (3) 



In a similar way as the modular group is represented on Vi, a RCFT defines a natural representation of 
the mapping class group M g on the space V g . (The elements of M g are equivalence classes of conformal 
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mappings of genus g surfaces generated by Dehn twists. These act on the Teichmiiller space T s of genus g 
closed Riemann surfaces and are also projectively represented on the space of genus g holomorphic blocks - a 
special case of this for g — 1 is the action of the modular group on the upper half-plane, giving the modular 
representation QJ.) The formula © expresses the trace of the identity operator of these representations. 
The main result of [4J was to show that the traces of all finite order elements of M g might be expressed 
via generalized Verlinde formulae in terms of modular matrix elements. 

In order to write generalized Verlinde formulae in a compact form, we first have to define A-matrices. 
For r G Q take any M e SL(2, Z) such that r = M(oo), let -r* = M _1 (oo), and then A(r) = T r MT r * (M 
and T denote here the representation matrices on Vi). It can be shown that this definition is independent 
of the choice of M, and that A-matrices have the following properties: A(r + 1) = A(r) and A(0) = S. 

The appropriate generalizations of the right hand side of (j^J are the twisted dimensions defined as 

v g (n . . . r B ) = £ s 2 - 29 n (n, . • • r w e 0) 

q 2—1 H 

The rationals (r\ . . .r n ) are called the characteristics of the twisted dimension. We shall later use the 
shorter notation V g ([ri]' 1 , . . . , [r„] in ) for the twisted dimension whose characteristics contains the rational 
r, /, times. Twisted dimensions and A-matrices play an important role in the theory of permutation 
orbifolds, and more about their properties can be found in 0. The name "twisted dimension" expresses 
the fact that, with the above notation, (pj might be written as 

dimVg = V g 
The trace formula given in 0] for 7 € M g is 

7V(7) = 2V(ri,...,r n ) (4) 

where g* and r\ , . . . , r n are determined by 7 in the following way. It is known from a theorem of Nielsen 
that if 7 is of finite order, then it has a fixed point in its action on Teichmiiller space. Furthermore, 7 might 
be lifted to an automorphism (i. e. a biholomorphic self-mapping) of the Riemann surface corresponding 

to the fixed point. The parameters g* and n . r v in \ Q are certain characteristics of this automorphism 

(we shall return to the details later). This approach was taken in @] to obtain trace formulae for finite 
order elements of Mi. The finite order elements of this group are (conjugate to) members of the subgroups 
(S) and (ST) that fix the points r = i,e~ , respectively. Unfortunately, much less is known about finite 
order elements of higher genus mapping class groups and their fixed points in Teichmiiller space. These 
correspond to Riemann surfaces with non-trivial automorphism groups, and the theory of these (especially 
the ones with "large" automorphism groups) is a rich area of mathematics with many open questions 
One of the basic theorems here is a theorem of Hurwitz, which states that the order of the automorphism 
group of a genus g > 2 surface is bounded by |.4| < 84(g — 1). The famous lowest genus example where this 
bound is saturated is the Klein quartic - a genus 3 surface with automorphism group PSL(2, 7) of order 
168. 

Even if a systematic treatment of surfaces, like in the case of Mi, is not possible, we may pick some 
Riemann surfaces with well known automorphic properties, and try to write down the trace formulae 
corresponding to their automorphisms. In @] this was illustrated on the example of the Klein quartic. 
The aim of the present note is to consider other Riemann surfaces where a similar analysis can be carried 
out. First, we consider families of algebraic curves given by algebraic equations that are suitable for our 
purposes (i.e. some of their automorphisms can be given in a particularly simple form). This will lead 
to infinite series of trace formulae. After that, we shall turn to modular curves, mainly because they are 
interesting from a mathematical point of view - e.g. they possess "large" automorphism groups. The arising 
trace formulae are presented for two surfaces - that is the full character of their automorphism group (of 
order 84 and 660) is given in terms of twisted dimensions. 

Let's now recall how an automorphism of a Riemann surface determines the characteristics of the 
twisted dimension in the corresponding trace formula. Consider a closed genus g Riemann surface S and 
an element of its automorphism group 7 <E Aut(S) of order N. One may construct a new surface S/j by 
identifying the points on 7 orbits. The complex structure of 1S/7 is defined so that the natural projection 
map 7r : S — > 1S/7 becomes a holomorphic N sheeted covering map. The parameter g* in Q denotes 
the genus of 5/7. The points on 7 orbits with non-trivial stabilizer subgroups correspond to ramification 
points of 7r, and the ramification index equals the order of the stabilizer subgroup. Let the number of such 
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7 orbits be r, and the order of stabilizer subgroups be ni,.. . ,n r (clearly rii\N). There are m,, = N/rii 
ramification points on each orbit, so the total branching order of it is 

B = E[=i {jh ^ L - Then the genus 

g* might be expressed by the Riemann-Hurwitz formula as 
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N *r~t 2n 



(g*;ni, . . . , n r ) shall be referred to as the signature of 7 (or the corresponding branched covering). In terms 
of a suitably chosen local coordinate z the action of j N / n * (which is an element of the stabilizer subgroup) 
can be written near a branch point on the i-th orbit as 

7 ' * : z — > e n i z (6) 

where < fcj < rij, and is coprime to rij. The rationals in the trace formula <@} are then defined as = 
and they are called the monodromy of the covering. 

It will be useful to notice a few consequences of such trace formulae on the arithmetic properties of the 
involved twisted dimensions. First, let's note that j l for gcd(l, N) = 1 is also an order N automorphism of 
the surface, with the same orbits as 7. Its signature is therefore the same as that of 7, and further, from 
the definition 10 it follows that its monodromies are (/fcj)/n,-, where we use the natural convention that 
multiplication (and inversion) of fc,--s should be understood mod n*. Thus the trace of 7' is expressed by 
the formula 

Tr( 7 ')=2V (—,■■■ ) i{gcd(l,N) = l (7) 

If gcd(l, N) > 1, then the signature and monodromies of 7' are still determined by those of 7, but the rule 
is more complicated - a few examples can be read off from Tables ITI21 In the most important case when N 
is prime, this means that TYv 9 (I) = V g and Tr{^ 1 ) = D s * . . . , ^p) for 1 < I < N form a character of 
the group (7) = Zjy = Z/7VZ. If TV is prime, this is equivalent to the following conditions on the twisted 
dimensions (which they should satisfy in any RCFT): 

1. The fact that the scalar product of this character with the trivial character of is a multiple of N, 
implies the following congruence relation on twisted dimensions 



1=1 



2. The formula J3J also restricts the Galois transformation properties of twisted dimensions. It is known 
that Tr( 7 ) is an element of Q[Cjv], where (n = ex P{~fir) (N — ord(j) is not necessarily a prime here). 
The Galois group Gal(Q[{jv]/Q) acts on this field by Frobenius transformations 07 (gcd(l,N) = 1), 
which leave Q fixed and take (n to Cat- It is clear that Tr(j l ) — aiiTr^)), therefore the twisted 
dimensions appearing in trace formulae possess the following Galois transformation property 

ai (v g J^,...,^))=V g J l X..., 1 -^) Ugcd(hN) = l (9) 

The Galois action on A matrices was already studied in [H] using permutation orbifold techniques. 
The same Galois transformation property of twisted dimensions follows from the results of [H] if N 

is prime, and X^I=i ~aT e ^> where k~ x is the mod N inverse of fcj. The later condition is always 
satisfied by monodromies as a consequence of the monodromy theorem (we shall show this explicitly 
in the case of some algebraic curves). Therefore, if N is prime, the only new constraint on twisted 
dimensions is the congruence relation JHJ- 

It's possible to strengthen these restrictions if 7' is conjugate to 7 in M g for all I G M where M is a 
multiplicative subgroup of TL* N . Then T> gif f^-, . . . , has to be invariant under the action of a\ if I 6 M , 
therefore is restricted in all RCFT-s to fall in the field QEjeAf Civl* This also allows us to simplify the 
congrunce relations. In particular, if N is prime and M = Zjy, then V gir („!•••!„) ls invariant under 
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the full Galois group, therefore is an integer (because it is a trace). Then the congruence relation JHJ can 
be written, after adding D g * . . . , to both sides, as Z> 9 , . . . , = X> ff . 

After having seen how generalized Verlinde formulae restrict the arithmetic properties of twisted di- 
mensions, let us now evaluate them for some explicit Riemann surface automorphisms. In the first example 
we shall construct automorphisms whose signatures and monodromies can be easily read off from their 
definition. 

Consider first the surface S given by the equation 

w N = (z - ei ) fe i . . . (z - e r p (10) 

where (i = l...r) are distinct points in C, 1 < ki < N are coprime to N, and ^2i—i(ki/N) G N. 
In this case the mapping z : S — > P 1 is an N sheeted branched covering map (the points over z are 
(Cn w i z ) i — • ■ ■ N — 1 for any solution w of ifTTijl V The ramification points of ramification index N are 
(0, ei), i — 1 . . .r. 1 The total branching order of z is then B — (N — l)r (B is even because either N 
or ki-s are odd, but in the later case r has to be even if ^2i = i{k%/N) G N), therefore the genus of S is 
g = B/2 — N + 1 = (N — l)(r/2 — 1) using (0. The covering transformation t : (w,z) i— » (£nW,z) is 
an automorphism of order N, whose fixed points are the ramification points of the cover. The orbits of 
t are the points over z, therefore the natural projection map ir t : S — > S/t is the same mapping as z. 
This means that, since S/t = P 1 , the signature of t is (0; N, . . . , AT) where N appears r times. In order 
to determine the monodromy of t at a given point (0, e*), we shall choose a suitable local coordinate on 
S near this point. Since the mapping Zi(z) : S — > C (see 11 111 ) defined in a neighborhood of (0, e/) is a 
locally holomorphic mapping of ramification index N in (0, ej) (because z is of ramification index N, and 
is locally biholomorphic), and takes (0, e/) to 0, there exists a local coordinate A on S near (0, ej), such 
that Zi(z) = X N . Since t leaves z, thus also ^(z), invariant, it has to act on A as t : A i— > ^A for some 
< Z < iV — 1. From (11 111 and (| 1 Oil it follows that = z i i , therefore we can choose A, such that w = X ki . 
Since Cnw — t(w) = t(X) ki — Cjv*^ fei = Cjv*' 10 it follows that / = fc^ 1 mod N. Therefore, we have found 
that the monodromy of t at (0, e/) is k~ x /N, thus the generalized Verlinde formula for t is the following 

n«)-n.(£.-.£ 

This yields the following congruence relation (see (jHJ , and recall that the genus ofS is g = (N — 1) (r/2 — 1) ) 

^y- 1 / 7i.-i 71.-1 \ 

for any choice of 1 < fe, < iV — 1 coprime to N such that YH=i(ki/N) G N. Further, we obtained that 

under Galois transformations Vq • ■ ■ , ~at) behaves as in 10 which is in accordance with the results 

of [Hj since X!i=i(^i/-^0 £ N. A similar, but more lengthy analysis could be done in the case if ki is not 
necessarily relatively prime to N. The main difference is that there is in general more than one point over 
z = a, therefore one has to be more careful in determining the action of t on (and near) these orbits. 

To construct an algebraic curve with more automorphisms, consider a surface S' similar to the example 
in PD] p. 247 

iv N = (z q - el) kl ...(z q - e q r ) k " (13) 

where ^ e; G C, 1 < ki < N - 1, Y^^ih/N) G N. For simplicity, let both N ^ q be primes. Note that 
this is a special case of (1 1 Of) since (z q — ef) = rij=o( z — Q e i)> thus in this case the ramification points of 

lr To see this, first choose a local coordinate z<(z) in the neighborhood of ei such that 

Zi(ei) = and (z - ei) fc i . . . (z - e r f- = zb (11) 
where the second equation has a locally biholomorphic solution, because both sides are of order fcj at ej. In the new coordinate 

k ■ I N 

the Puisseux series over z, = is w = z. " , which is of ramification index N since ki is coprime to N. We also need to prove 

that S is unbranched over z = oo. For this choose a local coordinate ^oo(oo) = and (z — ei) 1 . . . (z — e r ) r = z x 1=1 * , 
which is again possible because the order of the left hand side at oo is — £i=i I n this coordinate the function elements over 

oo are u> = (n z oo 1=1 1 , and these are unbranched because £i=i(^i/^0 G N. This explains our choice E^iC^AW) G N 
- if we wouldn't require it, the cover would be branched over oo, and the same condition would hold after including the 
monodromy at oo. In a topological approach this might be seen to be the consequence of the monodromy theorem. 
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proj (all of ramification index iV) are the qr points Qei (j = 0...q—l, i = l...r). Consequently, the 
genus of S' is (N — \){qr/2 — 1). The mapping 7 : (w, z) 1— > (u>, £qz) is an automorphism of order q, whose 
fixed points can only be the 2iV points over z = 0, 00 (note that z is unbranched at these points). At the 
points over z = the values of w are different, so these are fixed points of 7 (which doesn't change the 
value of w). Further, at these TV points z is unbranched, therefore a good local coordinate on <S', so the 
definition of 7 already contains the defining relation of its monodromies at z = 0, which all equal 1/q. For 
z = 00 the value of w for all N points over it is 00, so they are not necessarily fixed by 7. In order to 
determine the action of 7 on this orbit, we have to consider its action in the neighborhoods of these points. 
In terms of the local coordinate £ = 1/z we might rewrite ITTfl l as 

r 

1=1 

Therefore the function elements lying over £ = are 

^ = cU- 9Er = i(fei/JV) E a ^ 

i 

(where the term Y^i a i£ ql represents any, at £ = locally holomorphic, iVth root of Yl^=i (1 ~ ( e iO q ) ki )- 
Since Yn=i(ki/N) e N these are meromorphic functions of £ 9 , so they are fixed by 7. Therefore, the points 
over z = 00 are also fixed points of 7. Just as in the case of z — 0, £ is a good local coordinate on S' at 
these points, so the monodromy of 7 here is —1/q. The total branching order of 7 is then 2N{q — 1), hence 
the genus of <S'/7 i s 9* = (N — l)( r /2 — 1). Finally, the trace of 7 may be expressed as 



Tr(i) = P(jv-i)(5-i) 



( 


1" 


N 








A. 


1 


. 9 _ 





This implies the congruence relation 

9-1 (\l~\ N \-l~\ N \ 

V(n-i)(%-d +J2 v ( N -m-v ( - » y )=° mod( ? ( 14 ) 

for arbitrary primes N ^ q, and arbitrary 2 < r £ N. 

After these general examples, where we could identify only a small subgroup of the full automorphism 
group, let us now turn to curves with larger automorphism groups, namely the modular curves. Given a 
finite index normal subgroup G < T(l) = PSL(2,Z) one may construct a surface M./G by identifying the 
points in orbits of G on the upper half-plane H. Compactifying this surface amounts to adding the orbits 
of G on {oojljQ (the cusps). In the following we use the notation M./G for this compactified surface. 
Elements of A — T(l)/G, by their natural action on the orbits, are automorphisms of the surface. 

An interesting case is when G is a principal congruence subgroup 



r(JV) = {AeT(l)\A 



modN} 



The closed surface X(N) = M/T(N) is called a modular curve. Its automorphism group A = T(1)/T(N) 
is the projective special linear group over the ring of integers mod N. The first interesting surface in 
this series is A(7), which is the Klein quartic with automorphism group PSL(2, 7). The properties of its 
automorphisms are well known, and the arising trace formulae are given in ^]. In general, for N > 7 the 
genus of the surface X(N) is = 4 — jj) + 1, where the order of the automorphism group A is half 
of the order of SL(2, N) which is a multiplicative function of N given by \SL(2,p r )\ = p 3r ~ 2 (p 2 — 1) for p 
prime. 

Our aim is to present a method which allows to write down the trace formulae for automorphisms of 
several such surfaces. First, we need to examine the action of A — T(l)/G on H/G, and in particular 
to find the orbits with non-trivial stabilizer subgroups. Suppose that an automorphism 7G £ A fixes the 
point Gx (where 7 £ T(l) and x £ HlJQlJ{oo}). This means that jGx — Gx =>■ jgx = x (for some 
g G G), i.e. x is fixed by some element of T(l). It is known that there are only 3 orbits of T(l) on 
M\J Q U{oo} with non-trivial stabilizer subgroups: the orbits of the points i, 00 and e^ 2 ™)/ 3 , which are 
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fixed by S 1 = ^ ^ ) ' = ( 1 anc ^ ^' res P ec ti ve ly- O n the surface H/G these T(l) orbits 

correspond to three A orbits with stabilizer subgroups generated by the cosets of S, T and ST - the rest 
of the orbits of A are regular. We may use this, for example, to compute the genus of H/G using the \A\ 
sheeted covering map it : H/G -> (M/G)/A = H/r(l) = P 1 (with e.g. H/r(l) denoting the compactified 
surface). This also allows us to determine the signature of any element of A using only group theory - 
we shall illustrate this on an example. Consider the surface <^(11) of genus 26, with automorphism group 

PSL(2, 11) whose order is 660. The coset of T is of order 11 since 

mod 11. Therefore the length of the A orbit of Goo (whose stabilizer subgroup is (T)) is 660/11=60. All 
of its points are fixed by some subgroup conjugate to (T), and since there are 12 different such subgroups, 
60/12=5 among these points are fixed by T. Since T is not conjugate to S or ST, these are all the points 
fixed by T, whose signature is then (g* — 1; 11, 11, 11, 11, 11) (where g* is computed using ©). Similar 
considerations allow us to determine the signature of any automorphism constructed this way. 

The monodromies k\/n\, . . . , k r /n r , however, depend on the complex structure of these surfaces near 
the fixed points, and may not be determined in a purely algebraic way. One possible numerical way 
to get around this difficulty, if we know the signature of the automorphism, is the use of generalized 
Verlinde formulae. For all possible choices of ki, . . . , k r one may compute the value of the corresponding 
twisted dimension in any suitable RCFT, and check e.g. if the congruence relation © holds. This turns 
out to severely restrict the possible choices of monodromies. To illustrate this, let us again consider the 
automorphism T on the surface A"(ll). In this case T, T 3 , T 4 , T 5 and T 9 all fall into one conjugacy class, 
and the rest of them in another. Therefore Tr(T) has to be invariant under Galois transformations o\ 
for I = 3,4,5,9, i.e. it has to be an element of Q[Cn + Cii + Cii + Cu + Cii] ■ It is enough to check this 
property for the twisted dimensions coming from the Ising model, to find out that the only possible choices 
are {ki\i = 1...5} = {1,1,1,2,6} or {1,3,4,5,9}, plus the sets obtained by simultaneously multiplying 
the elements of these by any number mod 11. One might hope that checking other properties (like the 
congruence relation), or considering other RCFT-s would rule out some of these, but this is not the situation. 
There are two reasons for this. First, recall that we have found these sets by requiring invariance of twisted 
dimensions under Galois transformations oi for I — 3,4,5,9, so the simultaneous multiplication of fcj-s by 
3, 4, 5 or 9 doesn't change the value of the twisted dimension. The multiplication by 2, 6, 7, 8 or 10 (or 
the corresponding Galois transformation) could change the value of the twisted dimension - this amounts 
to exchanging the characters corresponding to the two conjugacy classes containing the automorphisms 
T l . However, there is an outer automorphism of PSL(2, 11) which exchanges the same conjugacy classes, 
therefore all our constraints (which are based on the fact that these twisted dimensions form a character of 
PSL(2, 11)) are also satisfied by the character with the twisted dimensions exchanged. This explains the 
ambiguities up to simultaneous multiplication, and in a sense this reflects our freedom in choosing which 
automorphism we call T. The source of the remaining ambiguity is unclear, and it leads to an interesting 
phenomenon. After checking in several RCFT-s, one may conjecture that the equality 



r I — — — — —\ - T) ( — — — — — \ 

9 1 IP IP IP IP 17 j ~ 9 1 IT Ii 'Ii 'IP II 1 (15J 



holds independently of the genus g. In general, similar equalities can be found for other surfaces, preventing 
us from an unambiguous determination of the monodromies. 2 Most of these equalities (like the above) 
don't follow from known symmetries of twisted dimensions. However, the existence of such equalities is 
not surprising. Recall that the method of writing down the trace formula for a mapping class 7 depended 
on the choice of its fixed points. Therefore, in general there can be several twisted dimensions expressing 
the trace of the same mapping class, which could prove an equality like 1(15)) for a certain genus. For the 
rest of the conjugacy classes of PSL(2, 11) one may unambiguously determine the monodromies, and the 
results are summarized in Tabled 

2 In the present case we might exclude the set {1, 1, 1, 2, 6} by the use of Eichler Trace Formula 1101 . It is known that the 
automorphism group is represented on the space of holomorphic differentials. The Eichler Trace Formula states that the trace 
of 7 in this representation can be expressed in terms of its monodromies as 



Tr( 7 ) = 1 + 



For the choice {ki\i = 1 ... 5} = {1, 1, 1, 2, 6} the value of the above expression doesn't fall in Q[Cn + C11 + C11 + C11 + Cnli 
but as we previously saw, this would be required from the character of the conjugacy class of T in PSL(2, 11). 
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order 


number 


representative 


trace 
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264 


(o e) 




11 


60 


T, T 3 ,T 4 ,T 5 ,T 9 


T) ( 1 3 4 5 9 ^ 
ux \ 11 ' 11 ' 11 ' 11 ' 11/ 


11 


60 


rp2 rji7 J^S J~>10 


f) f 2 6 7 8 1Q\ 
U1 \ 11' 11' 11' 11' 11 J 


2 


55 


s 




3 


110 


ST, (ST) 2 


75 /l 1 2 2\ 

8 V3' 3' 3' 3/ 


6 


110 


x 2 = ST, y 3 = S 


75 fl 1 l 2\ 

4 V 2 ' 2 ' 3 ' 3 / 



Table 1: Trace formulae for Aut^ll)) = PSL{2, 11) 



The resulting congruence relations are the following 



T>26 + 5X>i 



1 3 4 5 9 

li' IT' IT' IT u 



22? 



1112 
1 1 2' 2' 3' 3 



2Ps 



5Pi 



£> 26 - X> 6 
2 6 7 8 10 

li' IT' IT' IT' IT 



X?26 — ^ 12 



2?26 ' 
112 2 

3'3'3'3 



•Z>is 
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1 2 


3' 


3' 
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"1" 




2 



mod 5 

mod 11 

mod 2 

mod 3 

mod 6 



(16) 



As another example take G = {A £ T(1)\A 



2 "o +1 2„° + i ™d 8 ,»^}=r (8 ,/( (J ; 



The arising surface is X(8)/ f ^ J of genus 3. Its automorphism group (r(l)/r(8))/ / ( ^ j? J \ is 

of order 96. The monodromies may be determined unambiguously, and the values of all involved twisted 
dimensions must be integers. The results are listed in Table 
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order 


number 


representative 


trace 
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24 


rp2k+l 


p o (g> f ' 1) 
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6 




^o([i] 4 ) 


2 


3 






2 


12 


s 




3 


32 


ST, ST 2 


Mil) 


4 


18 


x 2 =T 4 





Table 2: Trace formulae for ,4zrf X(8)/ 




The arising congruence relations are 



X>3 + 4Po 




= mod 8 

= mod 4 

= mod 2 

= mod 3 

= mod 2 



(17) 



We have chosen this surface because of the remarkable property that not only its genus, but also the trace 
identities for S and ST are the same as in the case of the Klein quartic. A possible reason for this could 
be if the mapping classes of these automorphisms are conjugate in M 3j0 - 

We have seen that generalized Verlinde formulae provide a connection between Riemann surface au- 
tomorphisms and arithmetic properties of twisted dimensions. The existence of a Riemann surface au- 
tomorphism with given signature and monodromies implies (among others) a congruence relation in the 
form of ® and the Galois transformation property ©■ In the case of algebraic curves with suitable 
automorphisms this leads to the series of congruence relations ltl2ll and ltl4^l . The first of these contains a 
congruence relation for any possible signature with g = 0, and monodromies allowed by the monodromy 
theorem, while the second contains examples for signatures with g > 0. These relations give restrictions on 
the properties of allowed modular representations, and they might be useful in classification attempts. The 
examples of modular curves illustrate how generalized Verlinde formulae can be used to obtain information 
about automorphic properties of Riemann surfaces. The arising trace formulae in Tables El are examples 
where the full character of a large automorphism group can be expressed in terms of twisted dimensions. 
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